Abstract. In this paper, we study a minimal surface of general type with p g = q = 1, K 2 S = 3 which we call a Catanese-Ciliberto surface. The Albanese map of this surface gives a fibration of curves over an elliptic curve. For an arbitrary elliptic curve E, we obtain the Catanese-Ciliberto surface which satisfies Alb(S) ∼ = E, has no (−2)-curves and has a unique singular fiber. Furthermore, we show that the number of the isomorphism classes satisfying these conditions is four if E has no automorphism of complex multiplication type.
0. Introduction. Let S be a minimal algebraic surface of general type over C. A proper surjective morphism f : S → C from an algebraic surface S to a non-singular algebraic curve C is called a fibration of curves of genus g if fibers of f are connected and the genus of the generic fiber is g. It is important to study the structures of the fibrations for surfaces of general type. For instance, Horikawa studied surfaces with fibrations of curves of genus two [5, 6] .
We set p g (S) = dim H 2 (S, O S ) and q(S) = dim H 1 (S, O S ). Let K 2 S be the self intersection number of the canonical divisor K S of S. In this paper, we are interested in the case p g (S) = q(S) = 1 and K 2 S = 3. If q(S) = 1, then the Albanese map a : S → Alb(S) gives a fibration of curves over the elliptic curve E = Alb(S). Let g be the genus of a general fiber of a. Catanese and Ciliberto studied this surface in [2, 3] and showed that the genus g is two or three.
DEFINITION. Let S be a minimal algebraic surface of general type over C. S is called a Catanese-Ciliberto surface if S satisfies p g = q = 1 and K 2 S = 3. We also denote by K S the invertible sheaf associated to the divisor K S . In the case g = 3, Catanese and Ciliberto showed that the direct image V = a * K S/E of the relative canonical sheaf K S/E = K S ⊗ O S (a * Ω 1 E ) ∨ ∼ = K S is an indecomposable vector bundle of rank three and degree one over the elliptic curve E. Therefore, there exists a point P ∈ E such that det V ∼ = O E (P ). Let p : P E (a * K S ) → E be the P 2 -bundle associated with a * K S and ω : S → P E (a * K S ) the relative canonical map. They obtained the following theorem.
THEOREM 0.1 (Catanese-Ciliberto [3, Theorem 3.1]). Let S, a, E, g, P, p and ω be as above, and H the tautological divisor of P E (a * K S ), i.e., it satisfies p * O P E (a * K S ) (H ) ∼ = a * K S . If g = 3, then we have:
(i) the relative canonical map ω is a morphism; (ii) ω(S) is isomorphic to the canonical model of S; and (iii) ω(S) is a member of the complete linear system |4H − p * P |, where p * P is the divisor p −1 P .
Let V be an indecomposable vector bundle of rank three and degree one over an elliptic curve E. The P 2 -bundle P E (V ) is uniquely determined up to an isomorphism, since V is uniquely determined up to tensor product with a line bundle of degree 0 by Atiyah [1] . We set P E = P E (V ). Let H be the tautological divisor of P E . When (E, V ) is equal to (E, α * K S ) in Theorem 0.1, the image ω(S) of S is a relative quartic hypersurface in P E which has at worst rational double points as singularities by Theorem 0.1 (ii). Conversely, it is easy to verify that the minimal model S of a member S ∈ |4H − p * P | which has at worst rational double points is a Catanese-Ciliberto surface with g = 3.
For an algebraic variety Z, we denote by χ top (Z) the Euler number of Z. Let T be a surface with a fibration f : T → C of curves of genus g over a curve C and with at worst rational double points. We set T P = f −1 (P ) for P ∈ C. The Euler number of the nonsingular model T * of T is given by
where r(Q) is the number of exceptional irreducible curves of a singular point Q of T .
Let S ∈ |4H − p * P | be a surface which has at worst rational double points. We apply the equality (1) to the surface S with the fibration p| S : S → E of curves over the elliptic curve E. Let S * be the minimal model of S and S P the fiber of p| S at P ∈ E. Since g = 3, χ top (E) = 0 and χ top (S * ) = 9, we obtain P ∈E (χ top (S P ) + 4) + Q∈S r(Q) = 9 (2) by the equality (1) . Note that χ top (S P ) + 4 is non-negative and is zero for a non-singular fiber. We call χ top (S P ) + 4 the Euler contribution of a singular fiber S P and r(Q) the Euler contribution of a rational double point Q.
Because S has a fibration over a non-singular curve, every singular point of S is contained in a singular fiber of S . Therefore, the equality (2) implies that S has at least one singular fiber of S and the number of singular fibers is less than or equal to nine.
It seems that, for a general Catanese-Ciliberto surface, singular fibers of a have one node. In this case, this fibraton has nine singular fibers. Conversely, Catanese-Ciliberto surfaces with a unique singular fiber are most special. We know by the argument of monodromies that, if a surface with a fibration of curves over P 1 has a singular fiber, then it has another singular fiber. On the other hand, there may exist a surface over an elliptic curve with a unique singular fiber.
DEFINITION. Let S be a Catanese-Ciliberto surface. If S has a unique singular fiber and satisfies g = 3 and S ∼ = ω(S), we call it a Catanese-Ciliberto surface of type I.
In this paper, we show the following theorem. We show the existence of non-singular surfaces S ∈ |4H − p * P | with a unique singular fiber by giving the defining equations in the P 2 -bundle P E . Since V is indecomposable, we cannot take a global homogeneous coordinate system on P E . In order to describe the defining equation, we employ the following method which was used by Takahashi [9] .
Let ϕ be an isogeny of degree three from an elliptic curveẼ to E. According to Atiyah [1] and Oda [8] , the inverse image ϕ * V of V by ϕ decomposes into the direct sum L 1 ⊕ L 2 ⊕ L 3 of three line bundles L i (i = 1, 2, 3). Then we can take the natural unramified morphism Φ : PẼ(ϕ * V ) → P E of degree three induced by ϕ. In order to describe a minimal canonical surface T ⊂ P E with c 2 1 (T ) = 3p g (T ) and q(T ) = 1, Takahashi obtained the defining
which is invariant under the action of Z/3Z. We apply this method to the Catanese-Ciliberto surfaces with g = 3. The inverse image Φ −1 (S ) is a relative quartic hypersurface in the P 2 -bundle associated with a direct sum of three line bundles over an elliptic curve. Hence, it is much easier to describe the defining equation of a subvariety in PẼ(ϕ * V ). In Section 1, we explain Takahashi's method and give an explicit general form of the defining equation of the surface Φ −1 (S ). In Section 2, we show the existence of non-singular surfaces S ∈ |4H − p * P | with a unique singular fiber by using the defining equations obtained in Section 1. In Section 3, we consider all non-singular surfaces S ∈ |4H − p * P | with a unique singular fiber. In Section 4, we consider the isomorphism classes of these surfaces. In order to find the number of isomorphism classes of these surfaces, we give the defining equations of these in P E instead of doing it in PẼ.
By using Proposition 2.8, Lemmas 3.4, 4.7, 4.8 and 4.9, we complete the proof of Theorem 0.2.
1. The defining equation in the P 2 -bundle. Let E be an elliptic curve with the zero element 0 E . It is well-known that there exists an indecomposable vector bundle of rank three and degree one over E (see [1] ). We fix an indecomposable vector bundle V of rank three and degree one over E with det
be the P 2 -bundle associated with V over E. We denote by H the tautological divisor with p * O P E (H ) ∼ = V . We are going to consider the Catanese-Ciliberto surfaces with g = 3, which has the image S in P E . For any point P ∈ E, we define the automorphism T P : E → E by T P (Q) = Q + P and call T P the translation of E by P . P E is isomorphic to the 3-fold symmetric product E (3) which is the quotient of E 3 by the natural action of the symmetric group S 3 (cf. [1, p. 451] ). An automorphism h of E induces the automorphism h (3) of E (3) defined by h (3) 
). So a translation T P of E induces an automorphism of the set of linearly equivalent classes which are algebraically equivalent to mH + nF (m, n ∈ Z). Using the following proposition, we see that there exists one-to-one correspondence between the isomorphism classes of Catanese-Ciliberto surfaces with g = 3 and the isomorphism classes of surfaces in the complete linear system |4H − p * 0 E | with at worst rational double points. In order to obtain the defining equation of S ∈ |4H − p * 0 E |, we employ the result of Oda [8] as Takahashi used it in [9] .
1.1. The isogeny of an elliptic curve with degree three. We first recall the following theorem.
THEOREM 1.2 ([1, 8], [9, Theorem 2.4]). For integers r, d, let E E (r, d) be the set of isomorphism classes of indecomposable vector bundles of rank r and degree d over E. Let ϕ :Ẽ → E be an isogeny of degree r.
If gcd(r, d) = 1, then the map
LetẼ be an elliptic curve with zero element 0Ẽ and ϕ :Ẽ → E an isogeny of degree three. Applying Theorem 1.2 to the case where r = 3 and d = 1, V = ϕ * OẼ(0Ẽ) is an indecomposable bundle of rank three and degree one. Since we have ϕ
We set o = 0Ẽ. Let o be a point inẼ of order three. Denote by o the sum of o and o with respect to the group law ofẼ. For any Q ∈Ẽ, we denote by Q and Q the points T o (Q) and T o (Q), respectively. We denote by [o] the divisor o + o + o of degree three oñ E.
If we set G = ker ϕ = {o, o , o }, then we know
We setṼ = ϕ * V . Letp : PẼ = PẼ(Ṽ ) →Ẽ and p : P E (V ) → E be the P 2 -bundles associated withṼ and V , respectively. LetH be the tautological divisor of PẼ with
Let Y be an algebraic variety and g : Y → E a morphism. By [4, II, Proposition 7.12], giving a morphism f : Y → P E such that g = p • f is equivalent to giving a line bundle L over Y and a surjective map of sheaves on Y , g * V → L. The surjective map corresponding to f is given by pulling back the natural surjective map p * V → O P E (H ).
Since there exists the natural surjective mapp * ϕ * V ∼ =p * Ṽ → O PẼ (H ), the isogeny ϕ induces the unramified morphism Φ : PẼ → P E of degree three. Consider the following commutative diagram:
The defining polynomial of the inverse image of a surface [9] showed the following. LEMMA 1.3 (Takahashi [9, Lemma 3.23] ). In the above notation, we have
This lemma implies that Φ * ω(S) ∈ U for an arbitrary Catanese-Ciliberto surface S with g = 3. LetS be a member of U with at worst rational double points. Since Ψ is étale, S/G ⊂ P E has at worst rational double points. Furthermore, it is easy to see that the minimal model S of the surfaceS/G is the Catanese-Ciliberto surface with g = 3 and Alb(S) ∼ = E. So there exist one-to-one correspondences between isomorphism classes of surfaces with at worst rational double points in the complete linear system |4H − p * 0 E | and such surfaces in
, U be as in Section 1.1. As we saw in Section 1.1, Catanese-Ciliberto surfaces with g = 3 correspond to surfaces with at worst rational double points in U. We describe explicitly the elements of H 0 (PẼ, O PẼ (4H − p * [o])) G which define surfaces in U. Let (X : Y : Z) be a homogeneous coordinate system of P 2 . We embed the elliptic curveẼ in P 2 such that it satisfies the equality Y 2 Z = X(X − Z)(X − λZ) for λ in C \ {0, 1} and o = (0 : 1 : 0). Let (α : β : 1) be the coordinate of o .
Since the order of o is three, we have o = (α : −β : 1), β = 0 and the equality
We set a complex number µ by µ = 3α 2 − 2(λ + 1)α + λ and rational functions f, g and h by
.
and we have g = T * o f and h = T * o f . The following lemma is essentially due to Takahashi [9] .
Since we have 
where a i ∈ C for i = 2, 3, 4, 5. Therefore, we can write
By an easy calculation, we have f gh = −4β 2 . REMARK 1.6. LetS be a member in U which has at worst rational double points. The minimal model S * ofS satisfies p g (S * ) = 3, q(S * ) = 1, K 2 S * = 9 and χ top (S * ) = 27 by [9, Proposition 2.3]. LetS P be the fiber ofp at P ∈Ẽ. Applying the equality (1) top|S :S →Ẽ, we obtain the equality
For any memberS in U, G acts onS without fixed point. So we obtain the unramified morphism Φ|S :S →S/G of degree three. Let (S/G) Q be the fiber ofS/G at Q ∈ E. If P ∈Ẽ satisfies ϕ(P ) = Q, then the three fibersS P ,S P ,S P are isomorphic to (S/G) Q . Furthermore, the three analytic local rings O añ
Thus, in order to find the Catanese-Ciliberto surface S of type I, it suffices to find a nonsingular memberS in U which only has three singular fibers. REMARK 1.7. We assume thatS ∈ U is defined by 
In particular, the defining polynomial of the fiber at o is given by the constant term with respect to t. Furthermore, the defining polynomials at o and o are essentially equal to that of o. Actually, they are permutations of indices.
2. Surface with unique singular fiber. As we saw in the previous section, the problem to find a non-singular surface S ∈ |4H − F 0Ẽ | with a unique singular fiber is reduced to finding a non-singular surfaceS in U with only three singular fibers.
2.1. The Euler contribution of a quartic curve. In our construction of surfaces, we have to consider the families of quartic curves in a projective plane. We know from the equality (4) that, if there exists a non-singular surface in U with only three singular fibers, then the Euler contribution of each singular fiber is nine. So by calculating the Euler number of singular quartic curves, we determine singular fibers of a non-singular surface in U which only has three singular fibers. Let F be an irreducible reduced quartic curve in P 2 . We assume that F has a singular point P . In order to calculate the Euler number of singular quartic curves, we first describe the classification of singular points of F . Let m P be the multiplicity of F at P and s P the number of irreducible branches at P . Let ν :F → F be the normalization morphism of F . Set δ P = length ν * OF ,P /O F,P . In Table 1 , we list the types of singularities of irreducible reduced quartic curves in terms of m P , s P and δ P (cf. [7, p. 123] ). Let χ top (F ) be the Euler number of F . The possibilities of the triple (m P , s P , δ P ) are classified into nine types in Table 1 . The possibilities of singularities and the Euler number of an irreducible quartic curve are classified in Table 2 .
Let Q be a non-reduced or reducible quartic curve. If we know the multiplicities of irreducible components of Q and their configurations, we can calculate the Euler number of Q. We see this in Table 3 . In Table 3 , L i represent distinct lines and D i represent distinct conics. A 1 represents a non-singular cubic curve. A 2 and A 3 represent a cubic curve with a node o 2 and that with a cusp c 2 , respectively. In Table 3 , coefficients of L i and D i are multiplicities of them. We set
In Table 3 , the condition y (1) i1 = y (2) i1 means that L i is the tangent line of D 1 at y (1) 11 . The condition z (1) (2) 1j means that L 1 is the tangent line of A j at a non-singular point z (1) 1j . 
11 . y (1) 11 and y
21 . y (1) 11 and y (2) i1 are distinct points. 2
11 , y
(1)
21 . y (1) 11 and y (1) 21 are distinct points. 3
21 . y (1) 11 and y 2 12 are distinct points. 3
11 . z (1) 11 and z (3) 11 are distinct points. 0
12 . z (1) 12 , z (3) 12 and o 2 are distinct points. 1
12 and o 2 are distinct points. 1
12 . z (1) 12 and o 2 are distinct points. 2
13 . z (1) 13 , z (3) 13 and c 2 are distinct points. 2
13 and c 2 are distinct points. 2
13 . z (1) 13 and c 2 are distinct points. 3
12 . w (1) 12 , w (3) 12 and w (4) 12 are distinct points. 1
12 , w (3) 12 = w (4) 12 . w (1) 12 and w (3) 12 are distinct points. 2
The condition z
1j means that L 1 is the tangent line of A j at a flex point z
means that D 1 and D 2 have the common tangent line at a point w (i) 12 . To help to understand Table 3 , we describe in Figure 1 the figures corresponding to the curves.
From Tables 2 and 3 , we see 0 ≤ χ top (F ) + 4 ≤ 9 for any quartic curve F . The equality (4) implies that, if there exists a non-singular memberS in U with only three singular fibersS P ,S P ,S P , then these are four lines intersecting at one point. Tables 2 and 3 PROOF. It suffices to show that a singular fiber of S ∈ |4H − F 0 E | with at worst rational double points is reduced. We assume that S P is a singular fiber. Let U P ⊂ E be a neighborhood and t a local parameter of E at U P . Let (X 0 :
Let F 1 ⊂ P 2 be the curve defined by ψ 1 . Suppose S P is not reduced. Then any point in a non-reduced irreducible component of S P is a singular point of S P . By using Bézout's theorem, a non-reduced irreducible component of S P intersects F 1 . In particular, S is singular at this point of S P . We consider two cases as follows.
(i) The case that S P contains a line L with the multiplicity greater than or equal to two. If L intersects F 1 at Q, then we can write the local equation of S at Q as follows:
where (l, y) is an inhomogeneous coordinate system of A 2 such that L is defined by the equation l = 0. Since Q is a rational double point of S , we have r(Q) ≥ 1. We show that the sum of the Euler contributions of the rational double points of S is at least four in any cases. If L intersects F 1 at four points, then the sum of the Euler contributions of the rational double points of S is at least four. Let m Q (L, F 1 ) be the local intersection number of L and F 1 at Q. First assume that m Q (L, F 1 ) = 2 or 3. Then we can assume b 01 = 0. By blowing up Ψ at the point satisfying t = l = y = 0 (l = l 1 y, t = t 1 y), we obtain the defining Table 3 . Numbers with the bold curves are the multiplicities.
polynomials of the proper transform and exceptional curves as follows:
Since we have
the surface defined by Ψ = 0 has a singular point at t 1 = l 1 = 0 and we have r(Q) ≥ 3. Since S P has another rational double point, the sum of the Euler contributions of the rational double points of S is at least four in this case. In the case where m P (L, F 1 ) = 4, we can show that r(Q) ≥ 4 in a similar manner as in the previous case. Hence, we obtain Q r(Q) ≥ 4. Furthermore, from Table 3 , the Euler contribution of a non-reduced quartic curve which contains a multiple line is at least six. It contradicts the fact that the sum of the Euler contributions is nine. Hence, S P does not contain a line with the multiplicity greater than one.
(ii) The case that S P consists of a conic D with the multiplicity two. If D intersects F 1 at Q, then Q is a rational double point of S , i.e., r(Q) ≥ 1. If D intersects F 1 at eight points, then the sum of the Euler contributions of the rational double points of S is at least eight. Furthermore, we know the Euler contribution of S P is two by Table 3 . It contradicts the fact that the sum of the Euler contributions is nine. We can show that S P does not consist of a conic with the multiplicity two similarly as in the case (i). 
and f, g and h are non-zero regular onẼ \ {o, o , o }, other fibers are non-singular. IfS 1 has singular points, then one of them is contained in the singular fiber at o. However, since the local defining polynomial ofS 1 at o is
S 1 is non-singular. Hence, we obtain the Catanese-Ciliberto surface S 1 =S 1 /G of type I. EXAMPLE 2.3. Since almost all fibers ofS 2 consists of four lines, S 2 =S 2 /G is not normal. In particular, it is not a Catanese-Ciliberto surface. EXAMPLE 2.4. The defining polynomial of the fiber ofS 3 
Since β is not zero, the fiber ofS 3 at o is the union of a cuspidal cubic curve and the tangent line at the cusp. Since there exists no point ofS 3 satisfying the equations 3 has no other singular fibers. Because the local defining polynomial ofS 3 at o is
2 )t + (higher terms) , S 3 has a rational double point of type A 2 at (o, (0 : 1 : 0)). Hence, it has the same singularities over o and o .
We define the involution ι :Ẽ →Ẽ of the elliptic curveẼ by ι(P ) = −P . This involution is lifted to those of PẼ and O PẼ (H ) so that Z 0 , Z 1 , Z 2 are mapped to Z 0 , Z 2 , Z 1 , respectively. We denote this involution byῑ. REMARK 2.5. We see that ι * f = f, ι * g = h and ι * h = g. By these equalities, the automorphismῑ induces an isomorphismῑ|S The automorphismῑ induces an involution ofS 1 . LetS ∈ U be a surface with at most rational double points defined by
In the following remark, we note some properties ofS ∈ U with an involution which need later. REMARK 2.7. If we assume a 3 = a 4 , thenῑ|S gives an automorphism ofS with order two, because we haveῑ
(i) Each of fibers at o, o and o contains a line. The fiber at o contains the line defined by Z 1 + Z 2 = 0. Hence, these fibers are reducible singular quartic curves.
(ii) We assume thatS P has a singular point Q = (q 0 : q 1 : q 2 ) for a point P oñ E \ {o, o , o }. Let Ψ (P ) be the defining polynomial of the fiber ofS at P . Since we have
. Therefore,S −P has a singular point (q 0 : q 2 : q 1 ).
(iii) Let γ 1 , γ 2 , γ 3 ∈Ẽ be points of order two. IfS P is a singular fiber, thenS P ,S P , S −P ,S −P andS −P are also singular fibers since the group G of order three is acting oñ
the number of elements of the set {P , P , P , −P , −P , −P } is six, i.e.,S has six singular fibers which are isomorphic to each other.
(iv) Similarly, ifS has a singular point in the fiber at P ∈Ẽ \ Γ , thenS has five other singular points. Moreover, these analytic local rings are isomorphic to each other.
As we saw in Example 2.2, S 1 =S 1 /G is the Catanese-Ciliberto surface of type I. The following proposition implies that there are at most three other possibilities for each E. 
PROOF. LetS be a non-singular surface in U with only three singular fibers. We prove thatS is defined by Ψ 1 = 0 or Ψ ζ = 0 for a cubic root ζ of −2β. Let Ψ be defining equation ofS in PẼ. Then Ψ can be written as
A singular fiber ofS consists of four lines intersecting at one point. We assume thatS has a singular fiber at P ∈Ẽ andS P consists of four lines intersecting at a point Q = (q 0 : q 1 : q 2 ).
(i) The case that P is other than o, o and o . Since Ψ is G-invariant,S P andS P are also quartic curves which consist of four lines intersecting at one point. We may assume q 2 = 1 by replacing P by P or P , if necessary. Denote f = f (P ), g = g(P ) and h = h(P ). Since m Q (S P ) = 4, Q satisfies the following equations:
From (9), we obtain a 2 = 0 or 1 + q 0 + q 1 = 0.
(i 1 ) The case a 2 = 0. From (6), (7), (8), (10), (12) and (13), we obtain conditions 2a 5 (5) and (11), we have
If a 3 = 4a 1 or a 4 = 4a 1 holds, then we have a 3 = a 4 by (28) and (29). ThenS o is a singular fiber by Remark 2.7(i). It contradicts the fact thatS has only three singular fibers. Therefore, we have 4a 1 )/(4a 1 − a 4 ) . Hence, we have q 0 q 1 = 1. By q 0 q 1 = 1 and 1 + q 0 + q 1 = 0, we obtain (q 0 , q 1 ) = (ω, ω 2 ). We get the following equations by (6), (8) , (7), (12), (10) and (13):
We set the matrix By an easy calculation, we have
If all of them are zero, then f = g = h. Since g(P ) = h(P ), P is a point of order two, i.e., P is one of the points (0 : 0 : 1), (1 : 0 : 1) and (λ : 0 : 1). If we assume P = (0 : 0 : 1), then we obtain 3α 2 − 4(λ + 1)α + 5λ = 0 from f (P ) = g(P ). Since this and (3) are not satisfied simultaneously, P is not (0 : 0 : 1).
Similarly, P is neither (1 : 0 : 1) nor (λ : 0 : 1). Thus, f (P ) = g(P ) = h(P ) does not occur. One of (30), (31) and (32) is not zero, hence, we have a 2 = a 3 = a 4 = a 5 = 0, i.e., S =S 1 . Then this is not the case by Example 2.2. Hence, 1 + q 0 + q 1 = 0 is also impossible. Thus, case (i) does not occur.
(ii) The case that P coincides with one of o, o and o . As we saw in the Section 1.2, we may assume that P = o. By Remark 1.7, the defining equation ofS o can be written as
Since m Q (S o ) = 4, Q satisfies the following equations:
From (37), we have a 2 = 0 or q 1 + q 2 = 0.
(ii 1 ) The case a 2 = 0. We easily obtain a 3 = a 4 = a 5 = 0 by (33)-(42), i.e., Ψ = a 1 Ψ 1 . ThenS =S 1 covers the Catanese-Ciliberto surface S 1 in Example 2.2.
(ii 2 ) The case q 1 + q 2 = 0. If we assume q 1 = q 2 = 0, then we obtain a 2 = a 3 = a 4 = a 5 = 0. Hence, we can assume −q 1 = q 2 = 1. By (33)- (42), we obtain conditions
If a 1 = 0, then we have a 2 = a 3 = a 4 = a 5 = 0. So we may assume a 1 = 1. Therefore, we obtain a 5 = 3q 0 β −1 , a 2 = −12q 2 0 and q 3 0 = −2β. Since β = 0, the equation ζ 3 = −2β has three distinct solutions. Thus,S is defined by Ψ 1 = 0 or Ψ ζ = 0 for a cubic root ζ of −2β. 2 REMARK 2.9. LetS ζ be a surface defined by Ψ ζ for a cubic root ζ of −2β. We set S ζ =S ζ /G. In the proof of Proposition 2.8, we saw that S ζ has the singular fiber at o which consists of four lines intersecting at the point (o, (ζ : −1 : 1)). IfS ζ has a singular point in the fiber at o, then it must be this point. Hence, we have the equation 3. Smoothness of the three surfaces. LetS 1 be the surface defined by Ψ 1 = 0 and S ζ the surface defined by Ψ ζ = 0 in Remark 2.9. Since ζ is a cubic root of −2β, there are three choices for ζ . We set S 1 =S 1 /G and S ζ =S ζ /G. We already know that S 1 is the nonsingular surface in Example 2.2. In this section, we show that S ζ is non-singular. It suffices to show thatS ζ is non-singular. We first show the following lemma. (ii) Since n 1 > 0, m 2 = 4, n 2 = −n 1 − 3 and m 2 + n 2 = −n 1 + 1 ≥ 0, we have n 1 = 1 and 
It is easy to see a 1 = a 3 = a 4 = a 5 = 0, i.e., Ψ = Ψ 2 .
(iii 2 ) The case
satisfies none of (a), (b) and (c). So T 2 is also G-invariant. Similarly as in Lemma 1.4, we see that
2 ), i.e., a 1 = a 3 = a 4 and a 5 = 0. 2 By Lemma 3.1,S ζ defined by Ψ ζ is irreducible and reduced. Since Ψ ζ = Ψ 1 − 12ζ 2 Ψ 2 + 4(Ψ 3 + Ψ 4 ) − 6ζ −2 Ψ 5 ,S ζ has a non-trivial automorphism of order two. Let γ i and Γ be as in Remark 2.7. By Remark 2.7(iii), ifS has a singular fiber at a point inẼ \ Γ , thenS has five other singular fibers. IfS has a singular fiber at a point in Γ , thenS is two other singular fibers.
In order to prove the smoothness ofS ζ , we consider the fiber at a point in Γ . We already know that fibers ofS ζ at o, o and o consist of four lines intersecting at one point and do not contain singularities ofS ζ . For P ∈ Γ \ {o, o , o }, the set {P , P , P , −P , −P , −P } contains a point of order two. So we prove that all of the fibers ofS ζ at points with order two are non-singular in the following lemma. By this lemma, all the fibers at points in Γ are non-singular. LEMMA 3.2. LetS ζ be the surface defined by Ψ ζ = 0 in Remark 2.9 and P ∈Ẽ a point of order two. The fiber ofS ζ at P is non-singular.
PROOF. The order of P ∈Ẽ is one or two if and only if P is zero of the rational function g − h. Let (S ζ ) P be the fiber ofS ζ at P and Ψ ζ (P ) the defining polynomial of (S ζ ) P . We denote f (P ) and g(P ) = h(P ) simply by f and g, respectively. Suppose that (S ζ ) P have a singular point Q. Then Q is a common zero of the following equations:
By taking the difference (44) − (45), we obtain the condition
The case g = −ζ 2 . Since f gh = −ζ 6 by Remark 1.5, we obtain f = g = h = −ζ 2 . However, as we saw in the proof of Proposition 2.8, f (P ) = g(P ) = h(P ) does not occur. Hence, we obtain g = −ζ 2 .
(ii) The case Z 1 = Z 2 . Since (P , (1 : 0 : 0)) is not contained inS ζ , we can write Q = (Z 0 : 1 : 1). By substituting 1 for Z 1 and Z 2 in (43) and (44), we obtain the following equations:
The resultant of the left-hand sides of (46) and (47) with respect to Z 0 is g −6 (g +ζ 2 ) 2 (−g + 2ζ 2 ) 3 . Since Q is a common solution of (46) and (47), we have g −6 (g +ζ 2 ) 2 (−g +2ζ 2 ) 3 = 0. So we have g = h = 2ζ 2 and f = −ζ 2 /4 = −g/8. We can show that there exists no point P ∈Ẽ which satisfies −8f (P ) = g(P ) = h(P ) similarly as we proved that there exists no point P ∈Ẽ satisfying f (P ) = g(P ) = h(P ) in the proof of Proposition 2.8. Thus, we have
(iii) The case ζ 2 g −1 Z 0 + Z 1 = 0. By replacing Z 0 of (43) and (44) with −ζ −2 gZ 1 , Q is a solution of the following equations:
Since the resultant of (48) and (49) with respect to Z 2 is zero, we obtain the condition
(iv) We can show ζ 2 g −1 Z 0 +Z 2 = 0 in the same way. Since g +ζ 2 = 0 and g −2ζ 2 = 0, (43), (44) and (45) have no common zero. So (S ζ ) P is non-singular.
2
Next we show thatS ζ is normal.
LEMMA 3.3. LetS ζ be as in Lemma 3.2. ThenS ζ is normal.
PROOF. Since the algebraic surfaceS ζ is defined by one equation Ψ ζ = 0 in the nonsingular variety PẼ, it suffices to show that the codimension of the singular locus SingS ζ is at least two. If there exists an irreducible component D of SingS ζ with dim D = 1, thenπ(D) is either a point or an elliptic curveẼ. However, we know thatS ζ has non-singular fibers. So we can assume thatπ(D) is a point R ∈Ẽ. By Lemma 3.2, the order of R is not two. Let (S ζ ) R be the fiber ofS ζ at R ∈Ẽ and Ψ ζ (R) the defining polynomial of (S ζ ) R . Then (S ζ ) R contains a multiple line or a multiple conic.
(i) The case that (S ζ ) R contains a line whose multiplicity is at least two. We denote f = f (R), g = g(R) and h = h(R), for simplicity. In this case, (S ζ ) R is written as follows:
. By comparing this with the expression of Ψ ζ (R) in Proposition 2.8, we obtain the following equations:
The resultant of (64) + c × (68) (c ∈ C) and (72) with respect to b 1 is written as polynomial in c and vanishes for any c ∈ C. Hence all coefficients of this polynomial are zero.
Similarly, by taking the resultant of (67) + c × (71) (c ∈ C) and (73) with respect to b 2 , we obtain the following equations:
By computing the differences (74) − (76) and (75) − (77), we have
Because the order of R is not two, g − h = 0 and we have
However, if these equations hold, then we have g = h by an easy calculation because we have f gh = −4β 2 = −ζ 6 . Hence, this case does not occur.
(ii) The case that (S ζ ) R contains a conic whose multiplicity is two. In this case, Ψ ζ (R) can be written as
By comparing coefficients of Ψ ζ (R), we obtain the following equations:
By computing (78)- (82), we obtain the conditions
By (84) and (85), we obtain the following equalities:
Here we get g = h which contradicts our assumption. Thus, the lemma is proved.
2 By using Lemma 3.3, we will show thatS ζ is non-singular.
LEMMA 3.4. The surfaceS ζ defined for a cubic root ζ of −2β in Remark 2.9 is nonsingular.
PROOF. SinceS ζ is normal, singular points ofS ζ are isolated. Let ν : S * ζ →S ζ be the minimal resolution. Let p g (S ζ , P ) be the geometric genus of (S ζ , P ). Then, by the Leray spectral sequence, we have
IfS ζ has a singular point, thenS ζ has two other singular points since the cyclic group of order three acts on it freely. Therefore, the right-hand side of (88) is a positive multiple of three.
We have κ(S * ζ ) ≥ 1, since S * ζ has a fibration of curves of genus three over an elliptic curve. (88) is at most three. Therefore, if there exist singular points which are not rational double points onS ζ , then these singular points are minimal elliptic singular points and the number of them is three. By Remark 2.7(iv), ifS ζ has a singular point in the fiber at P ∈Ẽ \ Γ , thenS ζ has six singular points. Since there exist only three minimal elliptic singular points onS ζ , these points are mapped into Γ and one of these singular points is contained in a fiber at a point with order two.
However, we already know that a fiber at a point with order two is non-singular. Thus, S ζ has at worst rational double points. Because the sum of the Euler contributions is 27, S ζ does not have other singular fibers and rational double points. Hence, we see thatS ζ is non-singular.
We showed thatS 1 andS ζ are non-singular in Example 2.2 and Lemma 3.4. We know that, for a given elliptic curve E, there exist almost four isomorphism classes of the CataneseCiliberto surfaces of type I with E ∼ = Alb(S).
Isomorphic classes of surfaces.
In this section, we consider the number of isomorphism classes of Catanese-Ciliberto surfaces S of type I with Alb(S) ∼ = E for a given E. In order to count the number, we use the defining equations of these surfaces in P E .
4.1. A transition function of an indecomposable bundle. Let E be an elliptic curve and V an indecomposable bundle of rank three with det V ∼ = O E (o). In order to describe the defining equations of canonical models of Catanese-Ciliberto surfaces in P E (V ), we describe a transition function system of V .
We embed the elliptic curve E in P 2 so that it satisfies the equality Y 2 Z = X(X − Z)(X − λZ) for λ ∈ C \ {0, 1} and o = (0 : 1 : 0). Now we recall the following lemma which we need. 
By the above lemma, there exists a unique indecomposable bundle V 2,1 of rank two and degree one over E satisfying the extension 0
Moreover, we see that there exists a unique indecomposable bundle V of rank three and degree one over E satisfying the extension 0 → O E → V → V 2,1 → 0. Note that the determinant line bundle of the above vector bundle V is equal to O E (o) . 
Furthermore, since V is given by a non-zero element of
4.2. The defining equations in P E (V ). In this section, we give defining polynomials of Catanese-Ciliberto surfaces which are elements of
with the relation (89). Then we have
The sections
We give an explicit basis of the vector space 
Let v o be the valuation of the local ring
, β ij k can be written as follows:
β 040 = e 0 + e 1 x + e 2 y + e 3 x 2 + e 4 xy + e 5 x 3 + e 6 x 2 y ,
where a 0 , a 1 , . . . , p 1 , p 2 are in C. Since α ij k has zero at o, by these equations and (90)- (104), we obtain relations of the complex numbers a 0 , a 1 , . . . , p 1 , p 2 . By the equality (91), we have
Since ν 0 (α 013 ) ≥ 1, we obtain conditions b 3 = 4a 2 and b 2 = 4a 1 . By these equalities and (92), we have
Since ν o (α 022 ) ≥ 1, we obtain c 4 = 6a 2 and c 3 = 6a 1 . By these equalities and u = 1 + (λ + 1)t 2 − λt 4 u −1 , we have
Thus, we obtain the relations −6a 2 (λ + 1) + c 2 − 3b 1 = 0 and 6a 1 (λ + 1) + c 1 + 6a 0 = 0. Similarly, we obtain the following relations: 
Hence, the vector space
be the defining polynomial of the fiber of S at o. Then it is easy to see that
. By a calculation, we obtain
2 ) . 
, we can write 
Also, by (89), we have
Hence, by comparing coefficients of Z 0 , Z 1 and Z 2 for Φ * Y 1 and Φ * Y 2 , we obtain the following relations.
Since α 1,2 is regular at o ∈ U Y , we see that β 1,2 ∈ H 0 (E, O E (o)) = C by the equality (107) . If β 1,2 = 0, then v o (α 1,1 ) = v o (β 1,1 − t −1 β 1,2 ) = −1. So we obtain β 1,2 = α 1,2 = 0. By the equality α 1,1 = β 1,1 , we have β 1,1 ∈ H 0 (E, O E (o)) = C. Similarly, by equalities (105)- (110), we obtain the following relations:
i.e., we have Φ * Z 1 = cZ 1 and Φ * Z 2 = cZ 2 , i.e., Φ * is the multiplication of the constant c.
Now we give the defining equations of these surfaces in P E . 
By using the matrix L λ of the coefficients, we write these equalities as
The determinant of the matrix L λ is calculated to be a vector (s 1 , s 2 , s 3 , s 4 ) is determined uniquely up to multiplications of complex numbers for λ ∈ C \ {0, 1} and ξ ∈ C satisfying the equality D λ (ξ ) = 0. (s 1 , s 2 , s 3 , s 4 ) = 0. Then the surface S defined by 4 i=1 s i F i = 0 has a fiber with a quadruple point. Therefore, we have only to show that S is non-singular. Since the unramified triple covering of S has three singular fibers with a quadruple point, this is isomorphic tõ S 1 orS ζ . Note thatS 1 andS ζ are as in Section 2. By Example 2.2 and Lemma 3.4,S 1 andS ζ are non-singular. Hence, S is non-singular, i.e., S is the Catanese-Ciliberto surface of type I. Therefore, we complete the proof. 
We know that the surface S ξ defined by F ξ = 0 in P E (V ) is a Catanese-Ciliberto surface of type I. Hence, it suffices to consider the isomorphic classes among the four surfaces i.e., F ξ = 3(ξ 2 − 1)F 1 + 6ξF 2 − 4ξ(ξ 2 − 1)F 4 + 24ξ 2 F 5 . Let {ξ 0 , −ξ 0 , ξ 1 , −ξ 1 } be the set of solutions of D −1 (T ) = T 4 + 6T 2 − 3 = 0. We use the notation as in Lemma 4.6. By Lemma 4.6, if S ξ 0 is isomorphic to another surface S ξ , then there exists a unique automorphismΦ of P E which commutes with an automorphism ϕ of E leaving o fixed such thatΦ * F (ξ 0 ) = cF (ξ ) for c ∈ C * .
Let ι 4 : E → E be the automorphism of E with ι * 4 (X/Z) = −X/Z and ι * 4 (Y/Z) = √ −1Y/Z. Then we see that the order of ι 4 is four and the group of automorphisms of E is equal to the set {id E , ι 2 , ι 4 , ι 4 • ι 2 }.
In the cases where ϕ = id E and ϕ = ι 2 , we see thatΦ * F (ξ 0 ) = cF (ξ 0 ) for c ∈ C * similarly as in the proof of Lemma 4.7.
We consider the case where ϕ = ι 4 . Let ι 4 be the automorphism of P E defined by ι 4 * Z 0 = Z 0 , ι 4 * Z 1 = − √ −1Z 1 and ι 4 * Z 2 = −Z 2 . Then, by the properties ι * 4 x = −x, ι * 4 y = √ −1y, it is clear that ι 4 commutes with ι 4 . By Lemma 4.4, an automorphism of P E which commutes with ι 4 is equal to ι 4 , i.e.,Φ = ι 4 . We obtain the following equalities: PROOF. We use the notation as in Lemma 4.6. Let ι 6 be the automorphism of E with ι * 6 (X/Z) = −λ(X/Z − 1), ι * 6 (Y/Z) = −Y/Z. Let ι 6 be the automorphism of P E defined by ι 6 * Z 0 = Z 0 , ι 6 * Z 1 = −λ 2 Z 1 and ι 6 * Z 2 = −λ(Z 0 + Z 2 ). Then, by the properties ι * 6 x = −λ(x − 1), ι * 6 y = −y, it is clear that ι 6 commutes with ι 6 . By Lemma 4.4, an automorphism of P E which commutes with ι 6 is equal to ι 6 , i.e.,Φ = ι 6 . By these properties, we obtain the following equalities:
We will find ι 6 -invariant surfaces S ξ in CCI λ . If S ξ is ι 6 -invariant, then there exists a complex number c = 0 such that c From this equality, we know that either the equality 
